Abstract. In this paper, we establish a general version of the large sieve with additive characters for restricted sets of moduli in arbitrary dimension for function fields. From this, we derive function field versions for the large sieve in high dimensions and for power moduli.
Introduction
The classical large sieve inequality with additive characters asserts that q≤Q q a=1 (a,q)=1
M <n≤M +N a n e n · a q
where Q, N ∈ N and M ∈ Z. As the name tells us, the large sieve is useful for sieving problems. Indeed, there is an arithmetic form of the large sieve due to Montgomery [10] . Both versions of the large sieve have numerous applications in analytic number theory. The large sieve with resticted sets of moduli q, in particular power moduli, was considered in a series of papers by Baier, Zhao and Halupczok (see [1] , [11] , [2] , [3] , [7] ), and these results turned out to be useful tools for applications (see [4] and [5] ). In particular, for square moduli, it was established in [3] that q≤Q q 2 a=1 (a,q)=1
M <n≤M +N a n e n · a q 2
In [11] , Zhao conjectured that the bound q≤Q q k a=1 (a,q)=1
M <n≤M +N a n e n · a q k
should hold for for k-th power moduli. This conjecture is still open for every k. A version of the classical large sieve in higher dimensions was proved by Gallagher [6] and subsequently improved by Zhao [12] . The last-named author's version states that
The function field analogue of the arithmetical form of the large sieve was established by Hsu [9] in arbitrary dimension. In this paper, we prove a large sieve inequality with additive characters in arbitrary dimension with restricted set of moduli for function fields. As consequences of this, complete analogues of (1) and (2) for function fields will be established.
Notation
The following notations and conventions are used throughout paper:
•f = O(g) means |f | ≤ cg for some unspecified positive constant c.
•f ≪ g means f = O(g).
•f ≍ g means c 1 g ≤ f ≤ c 2 g for some unspecified positive constants c 1 and c 2 . Unless otherwise stated, all implied constants in ≪, O and ≍ are absolute.
Let F q be a fixed finite field with q elements of characteristic p and let Tr : F q → F p be the trace map.
Let F q (t) ∞ be the completion of F q (t) at ∞ (i.e. F q ((1/t))), let O ∞ be the maximal compact subring of F q (t) ∞ , and let M ∞ be the maximal ideal of O ∞ . The absolute
The non-trivial additive character E :
and the map e :
This map e is also a non-trivial additive character of F q (t) ∞ .
Given an integer N ≥ 0, the N-ball B(f, N) is defined by
n ∞ as a lattice of rank n over F q [t] , and define the n-torus
n . The metric on T n is given by
where
n . Note that T n is a compact Hausdorff space and for all f ∈ T n , f ∞ ≤ 1/q.
Preliminaries
In this section, we collect the results that we need in the course of this paper. The next Theorem 3.1 says that the Pontryagin duality holds for rational function fields.
For the locally compact topological space F q (t) ∞ , we normalize the Haar measure so that µ(M ∞ ) = 1. For a given locally constant function ϕ : F q (t)
n ∞ → C with compact support, the Fourier transformφ is defined as usual bŷ
Using the above Theorem 3.1, we can now state the next theorem 3.2 which tells us that Poisson summation formula holds for rational function fields and the proof is standard and we shall omit it. Theorem 3.2 (Poisson Summation Formula). Let Λ be complete lattice in F q (t) n ∞ and let
is uniformly convergent on compact subsets and
where vol(Λ) is the volume of a fundamental mesh of Λ.
Next we quote the duality principle. 
(2) For any complex numbers {b n }, we have
Large sieve with additive characters
In analogy to the classical large sieve with restricted sets of moduli, we are interested in having an estimate of the following kind:
Here, S is a set of subgroups in F q [t] n , σ is an additive character for F q [t] n /G, proper means not a character for a subgroup H with G H, ord(σ) is the order of σ and (a g ) g∈Fq[t] n is a sequence of complex numbers.
The subgroups of F q [t] are all principle ideals (f ), where we can choose f monic. Hence, the subgroups in F q [t] n are of the form
where f 1 , ..., f n are monic polynomials in F q [t]. The proper additive characters σ for F q [t] n /a take then the values
We note that ord(σ) = deg(lcm(f 1 , ..., f n )). We denote by T the left hand side in inequality (3) and write
.., n and F = lcm(f 1 , ..., f n ), where lcm(f 1 , ..., f n ) is the monic polynomial of smallest degree which is divisible by f 1 , ..., f n . Hence we have
HereS is the set of all n-tuples of monic polynomials f such that
By duality principle,
for all (a g ) g∈Fq[t] n if and only if
for all (b f,r ) f ∈S, r with (r,f )=1 .
A general large sieve inequality
Now consider, more generally, the sum
Now we denote by
then we havê
wheref is the Fourier transform of f . Replacing h by
Now we choose Φ exactly like
Then Φ(x) = Φ 1 (x/t) with
We know from [9, Lemma 2.2] thatΦ 1 = Φ 1 . Hence,
From the calculations above and the Poisson summation formula it follows that
where · is the induced distance on the torus T = F q (t)
Case of Farey fractions
Now, we specify the set of X i 's to be of the form
Hence S Q consists of analogues of Farey fractions of order Q with a restricted set of denominators.
Then combining all of the above results, we obtain
Now take x = r/f andx =r/f , then
Now we have
But if degf i < N, then necessarily c i = 0 and hence r i =r i and f i =f i . It follows that
Combining this with (4), we obtain the following.
Theorem 6.1. We have
This implies the following for the one-dimensional case.
7. Case of k-th power moduli
Now we focus on the case of k-th power moduli, i.e. the case when
n monic means that all of the polynomials f 1 , ..., f n are monic. For k, m, n ∈ N with m ≥ n, f = (f 1 , ..., f m ) ∈ F q [t] m monic, X ≥ 0 and N > 0, we definẽ
Then Theorem 6.1 implies the following.
To boundM f,n,k (X, N), we proceed by recursion over n. If n = 1, we obtaiñ
We write
It follows that Now we have a recursive inequality forM f,n,k (X, N). It is easily checked that this gives rise to the following explicit bound forM f,n,k (X, N). M <n≤M +N a n e n · a q k
Indeed, inequality (6) is precisely (2), established by Zhao, and (7) matches (1) with the term (QN) ε omitted.
